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Abstract. This paper proves that there are no 3 by 3 antimagic squares. This

was previously done with computer search; this paper reduces the number of

cases to a portion that can be easily be checked by hand.

1. Introduction

A heterosquare is a matrix that contains positive consecutive integers starting
from 1 such that the rows, columns, and diagonals all add to different values.

Figure 1. Heterosquare

If the sums resulting from a heterosquare form a consecutive sequence, the het-
erosquare is also called an antimagic square. (In Figure 1, if the sums of 9 and 24
were 16 and 17 instead, it would be a antimagic square.)

It’s been an open problem to prove there is no 3 by 3 antimagic square. While
this has been done by computer, there was previously no published proof ”by hand”.
[1, 2] This paper aims to fill that gap. The steps that we take are:

(1) Determine the possible sums of the lines.
(2) Determine the possible diagonal values.
(3) Determine the possible center number.
(4) Determine the possible outer row and outer column values.
(5) Determine the possible combinations of values of the middle cells.
(6) Show that for the remaining cases, the combinations do not yield at least

one of the line sums that we need.
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Some terminology before we start:
We use n to indicate the starting number in the sequence of sums, and will label

the squares in the 3 by 3 matrix like this:

a b c
d e f
g h i

We also use these terms freely:

• Value of a cell: the value of an individual element of the matrix.
• Sum of a line: a sum formed by a row, column, or diagonal, like a+b+c = n

or a + e + i = n
• Sum of all lines: T = (a + b + c) + (d + e + f) + . . . = 2(b + d + f + h) +

3(a + c + g + i) + 4e = 8n + 28
• Diagonal sums: D = a + c + 2e + g + i = 8n− 62
• Middle sums: M = b + d + 2e + f + h = 45 + 3e−D.

There will be times in this paper where we will list multiple possible values or
sums. We will do this as an ordered set, although this does not indicate specific
placement on the grid. For example, when considering a diagonal sum of 11 and
a diagonal sum of 15, we will write (11, 15), although these numbers can inter-
changably be a + e + i and c + e + g.

2. Possible sequences for the sums of 3 by 3 antimagic squares

We know the diagonal sums D = 8n − 62. Also, the minimum and maximum
values of D are 2n + 1 and 2n + 15, respectively, which means 2n + 1 ≤ 8n− 62 ≤
2n + 15 or 11 ≤ n ≤ 12 (as n must be an integer). As n is the starting number
in the sequence of sums, the only possible consecutive sequences of sums are from
either 11 to 18 or from 12 to 19.

3. Diagonals of a 3 by 3 antimagic square

We will now prove the lemma that for a 3 by 3 antimagic square, neither of the
diagonals can have an even sum.

We know that:

• We need to place the number 1, 2, 3, ..., 9. Five of these numbers are odd,
and four are even.

• The combined sum of all the rows, all the columns, and the two diagonals
must add up to either 116 or 124. These are both even numbers.

• Of the eight sums for the rows, columns, and diagonals, 4 must be even
and 4 odd.

Since the combined sum of all rows, columns, and diagonals must be even, we
can calculate the following:

(a + b + c) + (d + e + f) + (g + h + i) + (a + d + g)+

(b + e + h) + (c + f + i) + (a + e + i) + (c + e + g) =

3a + 2b + 3c + 2d + 4e + 2f + 3g + 2h + 3i ≡
a + c + g + i ≡ 0 (mod 2)

(3.1)
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So a+ c+ g + i, the sum of all the corners, must be equal to some even number.
The only way that’s true is if exactly 0, exactly 2, or exactly 4 of the corners are
odd. Let’s look at all these cases, and check if it’s possible to have at least one
diagonal with an even sum.

Case 1: None of the corners are odd. In this case, the four even numbers
must all go into the corners, and the five odd numbers go in the remaining spots.
This leads to the following 3x3 matrix. 1 means ’some odd number’ and 0 means
’some even number’: 0 1 0

1 1 1
0 1 0


The sums of both diagonals are odd, so in this case it’s impossible to have at least
one even diagonal.

Case 2: All 4 corners are odd. If all corners are equal to an odd number, and
at least one diagonal must be equal to some even number, the center must be some
even number. Due to rotational symmetry, it doesn’t matter where the last odd
number gets placed. This leads to the following 3x3 matrix:1 1 1

0 0 0
1 0 1


This matrix has 2 even rows, 2 even columns, and 2 even diagonals. The re-

maining 2 sums are odd. This isn’t equal to the required 4 even and 4 odd sums.
Therefore case 2 also can’t help us create an antimagic square with at least one
diagonal with an even sum.

Case 3: Exactly 2 corners are odd and the odd numbers are opposite to
each other. To make sure there’s at least one even diagonal, the center must have
some even number. The 3x3 matrix now looks like this:0 ? 1

? 0 ?
1 ? 0


Due to rotational and reflection symmetry, it doesn’t matter where we place the
fourth even number. So we might fill out the matrix entirely like this:0 0 1

1 0 1
1 1 0


This matrix has 2 even rows, 2 even columns, and 2 even diagonals. The remaining
2 sums are odd. This isn’t equal to the required 4 even and 4 odd sums. Therefore
case 3 also can’t help us create an antimagic square with at least one diagonal with
an even sum.
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Case 4: Exactly 2 corners are odd and the odd numbers are adjacent to
each other. To make sure there’s at least one even diagonal, the center must have
some odd number number. The 3x3 matrix now looks like this:1 ? 0

? 1 ?
1 ? 0


There are 4 ways of placing the remaining 2 even and 2 odd numbers, after taking
out reflections: 1 0 0

1 1 1
1 0 0

1 1 0
1 1 0
1 0 0

1 1 0
0 1 0
1 1 0

1 1 0
0 1 1
1 0 0


The first matrix only has 2 even diagonals. The other 3 matrix has 2 even rows, 2
even columns, and 2 even diagonals. None of these are the required 4 even and 4
odd sums. Therefore case 4 also can’t help us create an antimagic square with at
least one diagonal with an even sum.

Since all of the cases are dead ends, this indicates both a lemma and corollary.
Lemma: For a 3 by 3 antimagic square, neither of the diagonals can have an

even sum.
If we go back to the diagonal sums D = 8n−62 and substitute the possible values

of n (11, representing the sequence of sums from 11 to 19, and 12, representing the
sequence of sums from 12 to 20) we get a corollary:

Corollary: If n = 11, then the diagonals must be (11, 15). If n = 12, then the
diagonals must be (15, 19).

4. Possible middle sums and center values for 3 by 3 antimagic
squares

We will now prove the possible values for pairs of diagonals and pairs of middles,
as well as their corresponding values for e (the value in the center of the matrix).

Since the middle sums are M = 45 + 3e−D, when n = 11 we can condition on
e to obtain:

n Diagonals Values e Middle Sums Middle Values
11 (11, 15) 2 25 (12, 13)

3 28 (12, 16)
4 31 (13, 18)
4 31 (14, 17)
5 34 (16, 18)

When n = 12 we can condition on e again to obtain:

n Diagonals Values e Middle Sums Middle Values
12 (15, 19) 5 26 (12, 14)

6 29 (12, 17)
6 29 (13, 16)
7 32 (14, 18)
8 35 (17, 18)

For each remaining case, we can calculate a+c+g+i, b+h and d+f by subtracting
2e from the diagonal sum and e from each individual middle sum. WLOG we can
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assume that the first number in each pair of middle sums equals b + e + h and the
other equals d + e + f To simplify the proceeding explanation, let’s focus on one
pair of diagonal and middle sums - (11, 15) and (13, 18) The corner number sum is

a + c + g + i = 26 − 2e = 26 − 2(4) = 18

and we also have

b + h = 13 − e = 13 − 4 = 9

d + f = 18 − e = 18 − 4 = 14

Now we can use these values to calculate the sum of the ”outer rows,” (a + b +
c) + (g + h + i) and the sum of the ”outer columns,” (a + d + g) + (c + f + i).

(a + b + c) + (g + h + i) = (a + c + g + i) + (b + h) = 18 + 9 = 27

(a + d + g) + (c + f + i) = (a + c + g + i) + (d + f) = 18 + 14 = 32

The remaining sum values we haven’t used yet for this case are 12, 14, 16, 17,
and 19. We must assign these values to the outer rows and columns such that the
above relations are true. However, it is fairly easy to see that no assignment of
these four integers to (a+ b+ c, g + h+ i, a+ d+ g, c+ f + i) will satisfy the above
requirements. Thus, if an anti-magical square of order 3 exists, then the diagonal
and middle sums cannot be (11, 15) and (13, 18) respectively.

We can use the above method on the other 9 possible cases, checking to see if we
can assign the remaining sum values to the outer rows and columns. This process
eliminates these four cases:

n Diag. Values e Middle Sums Middle Values Outer Row/Column Sums
11 (11, 15) 3 28 (12, 16) (29, 33)
11 (11, 15) 4 31 (13, 18) (27, 32)
12 (15, 19) 6 31 (13, 18) (20, 25)
12 (15, 19) 7 31 (13, 18) (19, 23)

The other six have valid sum value assignments, so we will have to directly check
them to verify that they don’t work.

5. Proof of the remaining cases

By eliminating the last remaining six cases we will have completed our proof.

n Diagonals Values e Middle Sums Middle Values
11 (11, 15) 2 25 (12, 13)
11 (11, 15) 4 31 (14, 17)
11 (11, 15) 5 34 (16, 18)
12 (15, 19) 5 26 (12, 14)
12 (15, 19) 6 29 (13, 16)
12 (15, 19) 8 35 (17, 18)
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Case 1: diagonals (11, 15) and middle sums (12, 13). In this case, e is 2. If
we subtract e from all the diagonals and middles, and look at all the ways we can
add up two of the remaining 8 digits to get those remainders, we get the following
options:

Diagonal 1: 9 Diagonal 2: 13 Middle 1: 10 Middle 2:11
(1, 8) (4, 9) (1, 9) (3, 8)
(3, 6) (5, 8) (3, 7) (4, 7)
(4, 5) (6, 7) (4, 6) (5, 6)

We must select one option from every column, and we need to select every digit
exactly once. There are three ways to do that:

Diagonal 1: 9 Diagonal 2: 13 Middle 1: 10 Middle 2:11
(1, 8) (4, 9) (3, 7) (5, 6)
(3, 6) (5, 8) (1, 9) (4, 7)
(4, 5) (6, 7) (1, 9) (3, 8)

To create an antimagic square, the outer sums, (a+b+c), (g+h+ i), (a+d+g),
and (c + f + i) must add up to the remaining four sums: 14, 16, 17, and 18. For
every sum, we need to pick exactly 1 digit from every diagonal, and exactly 1 digit
from one of the middles.

Now try to make 14 by picking exactly one digit from each diagonal and one from
a middle sum for the first option. It becomes quickly clear that it’s not possible to
do that. It’s also not possible to make 14 with the second option. It is possible to
do in the third option (4 + 7 + 3 = 14), but it’s impossible to create a 16 with the
third option. Therefore the first case, (11, 15) for the diagonals and (12, 13) for the
middle sums won’t work.

Diagonal 1: 9 Diagonal 2: 13 Middle 1: 10 Middle 2: 11 Failure reason
(1, 8) (4, 9) (3, 7) (5, 6) Can’t make 14
(3, 6) (5, 8) (1, 9) (4, 7) Can’t make 14
(4, 5) (6, 7) (1, 9) (3, 8) Can’t make 14

Case 2: diagonals (11, 15) and middle sums (14, 17). In this case, e is 4.
Again, the ways to add up the remaining digits to get the sums:

Diagonal 1: 7 Diagonal 2: 11 Middle 1: 10 Middle 2:13
(1, 6) (2, 9) (1, 9) (5, 8)
(2, 5) (3, 8) (2, 8) (6, 7)

(5, 6) (3, 7)

The two ways to select one from each column, together with the reason why that
case won’t work:

Diagonal 1: 9 Diagonal 2: 13 Middle 1: 10 Middle 2:11 Failure reason
(2, 5) (3, 8) (1, 9) (6, 7) Can’t make 13
(1, 6) (2, 9) (3, 7) (5, 8) Can’t make 12

Case 3: diagonals (11, 15) and middle sums (16, 18). In this case, e is 5,
and there’s only one way of selecting the digits:

Diagonal 1: 6 Diagonal 2: 10 Middle 1: 11 Middle 2:13
(2, 4) (1, 9) (3, 8) (6, 7)
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It’s also possible to create all of the remaining sums: 12, 13, 14, and 17. For all
of these numbers there’s only one way to make them, and when we look closer at
the 12, and 13, it becomes clear why this case won’t create an antimagic square.

12 = 4 + 1 + 713 = 4 + 1 + 8

The sums for 12 and 13 are both trying to use the 1 and 4 from the diagonals,
but only one number is allowed to do that.

Case 4: diagonals (15, 19) and middle sums (12, 14). In this case, e is 5,
and there’s only one way of selecting the digits:

Diagonal 1: 10 Diagonal 2: 14 Middle 1: 7 Middle 2:9
(1, 9) (6, 8) (3, 4) (2, 7)

It’s also possible to create all of the remaining sums: 13, 16, 17, and 18. For all
of these numbers there’s only one way to make them, and when we look closer at
the 13, and 16, it becomes clear why this case won’t create an antimagic square.

13 = 1 + 8 + 416 = 1 + 8 + 7

The sums for 13 and 16 are both trying to use the 1 and 8 from the diagonals,
but only one number is allowed to do that.

Case 5: diagonals (15, 19) and middle sums (13, 16). In this case, e is 6.
Similar to what was done in case 2:

Diagonal 1: 9 Diagonal 2: 13 Middle 1: 7 Middle 2:10 Failure reason
(2, 7) (5, 8) (3, 4) (1, 9) Can’t make 12
(1, 8) (4, 9) (2, 5) (3, 7) Can’t make 18

Case 6: diagonals (15, 19) and middle sums (17, 18). In this case, e is 8.
Similar to what was done in case 5:

Diagonal 1: 7 Diagonal 2: 11 Middle 1: 9 Middle 2:10 Failure reason
(1, 6) (2, 9) (4, 5) (3, 7) Can’t make 16
(2, 5) (4, 7) (3, 6) (1, 9) Can’t make 14
(3, 4) (5, 6) (2, 7) (1, 9) Can’t make 13

All 6 cases are impossible, therefore there is no 3 by 3 antimagic square. �
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